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Introduction 

At research of conformal-flat spaces on the basis of General Relativity the deriving and the 

physical analysis of corresponding cosmological models is often carried out in a synchronous 

frame of reference. Such way is not always good from the point of view of finding of exact 

analytical solutions of the Einstein equations because of a number of mathematical difficulties. 

For example, in such frame of reference it is impossible to find the solution for open cosmological 

model with an incoherent dust and radiation in a final analytical form. However this problem can 

be solved with use of not accompanying frame of reference ([1]-[4]) in which the 4-space-time 

metric conformal-flat and the conformal factor depends only on one variable playing a role of 

distance in a 4-Minkowski universes (see an approach of Fock [4]-[5]). 

At the same time, it turns out that this description is equivalent to the introduction of a kinemetric 

reference frame (see, for example, [6]-[8]) instead of the synchronous frame of reference. In 

addition, the use of the synchronous reference frame not fully corresponds to the symmetry of the 

cosmological problem, where metric depends on the one variable (see, for example, [4]). 

An exact analytical solution with an arbitrary function of state defined as the ratio of the 

pressure to energy density, is found in article [10] at the generalization of the Friedman model of 

the open Universe [11] in the Fock form ([4]-[5]). The generalization of the Friedman solution to 

the open Universe in case of a substance, and an equilibrium lightlike radiation (such as 
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electromagnetic) with nonzero pressure and without the introduction of a particular equation of 

state was found in the paper [1]. Here we go directly to the problem of the equation of state of 

matter in cosmological models. In our opinion, not enough attention is given to this problem, 

although the equation of state is an integral part of the Einstein equations in solving the 

cosmological problems. Moreover, the successes of the inflationary approach at solving some 

problems of the Friedman cosmology convince us in the realization of the most various states of 

matter in the Universe (both with positive, and with the negative pressure).  

In our opinion, the description of the Universe evolution from the point of view of changes 

in the equation of state can be a very special approach connecting as a physical aspect 

(thermodynamics, kinetics) so and geometric aspect (curvature, dimensionality of the space-time) 

of the theory of evolution of the Universe. Successes of geometric multidimensional approach to 

the unification of fundamental interactions leads to the idea that the dimensionality of space-time 

should be expressed through physical quantities characterizing the evolution of the Universe. 

In the present work the conformal-flat cosmological  models are considered as exact 

solutions of the cosmological Einstein equations in the framework of the multidimensional space-

time with one time-like direction and with different from zero pressure for some equations of state 

in the presence of a linear relationship between the energy density and pressure. It turns out that 

this approach leads to the identification of some discrete set of equations of state for which 

conformal multipliers are closely related to harmonic functions, which are solutions of the Laplace 

equations in multidimensional Euclidean spaces with integer dimensionalities. The dimensionality 

of these spaces, in turn, is determined by the concrete equation of state. 

We will continue to use further the Fock approach, in which the metric of the 4-

dimensional and multidimensional space-times conformal to the Minkowski space-time and   

conformal factor is a function of one variable. 

 

Multidimensional Einstein equations for cosmological models 

We will take up the question: what consequences we will have after change of the space-

time dimensionality in the framework of conformal-flat moНels anН FoМk’s approaМС for tСe 

equation of state of matter which fills the Universe? To answer this question we will try in the 

frameworks of the Kaluza-Klein type approach to use the method named by an inductive method 

(see [7]). In other words, we will increase the number of space-like dimensionalities, leaving one 

dimensionality as time-like. 

Now we will write down a metric in that form as in [1] 
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 2 exp(2 )ds dx dx 
    (1) 

 

where )2exp(  is a conformal factor; )(S  ;  xxS 2 ; )1;...;1;1;1(  diag  is a 

metric tensor of the Minkowski type of multidimensional space-time; the velocity of light and 

Newton's gravitational constant are equal to unit, and the Einstein gravitational constant is equal 

here  8 . And now the Greek indices run through the values N,...,2,1,   , where N  is the 

number of the space-like coordinates.  

The gravitational field equations are postulated in the form of a system of Einstein's 

equations (without cosmological constant) 

 

 
1

,
2

G R g R T         (2) 

 

where  RG ,  and R  are the Einstein tensor, the Ricci tensor and the scalar curvature, 

respectively, constructed from the metric (1) similarly as in the 4-dimensional case. The right part 

of equations (2) is a multivariate analogue of the energy-momentum tensor (EMT) for the Pascal 

perfect fluid describing a multidimensional "liquid": 

 

 ,T u u pb       (3) 

 

where  is an analogue of a energy density; p is analogue of pressure; )1( N -velocity 

  bu  )exp(  is proportional to the gradient of the variable S as a function of the coordinates 

x :  ,Sb  ; 1uu  is the normalization condition for )1( N -velocity;  guub   is a 

N -projector on the N -subspace, which plays the role of the metric tensor for N -subspace. In 

this case the condition of theN -subspace orthogonality and the time-like congruence u  is 

executable: 0ub .  

In fact, if we take )1( N -velocity u  as the analog of the monad in a multidimensional 

space-time by analogy with 4-dimensional space-time (see, e.g., [7]), we can assume that EMT (3) 

) is written down according to the monadic approach. 
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On the other side the left part of the system (2) can be written down as  

 

2 2' 1 2
( 1)([ '' ( ') ] [ '' ' ( ') ] ),

N N
G N b b

S S S   
                  (4) 

 

where a prime denotes the full derivative dSd / . 

Carrying out the procedure of )1( N -splitting as it is done in 4-dimensional space-time 

(see, e.g., [7]), we obtain the following system of equations that define the "energy density" and 

"pressure"  

 
2' ( ')

( 1)[ ] exp(2 ),
2

N N
S

        (5) 

 21 2
( 1)[ '' ' ( ') ] exp(2 ).

N N
N p

S S
            (6) 

 

A special case of this system, of course, are the equations ([1], (1.4)-(1.5)). Quotes we have put 

because, strictly speaking, the meaning of these concepts in the case of multidimensional space-

time requires a completely separate consideration.  

How it is known, an open model of Friedman [11] is described by the equation of state of 

incoherent dust 0p . This equation is a special case of a linear equation of state, in many cases, 

used in physics, 

 

 
0

( ) ( ),p S S    (7) 

 

where 1|| 0  ; const0 . 

A set of physically interpretable states of matter in 4-dimensional space-time is described 

by the relation p . There are physical vacuum, incoherent dust, the relativistic gas, etc. These 

states of matter correspond to specific discrete values of the parameter0 . 

The equation of state for multidimensional space-time, i.e. the relationship between 

"pressure" and "energy density", is postulated in its simplest form of equation (7), which however 

includes the physically relevant cases. 

In the future we won't use quotes because the meaning of the notions of the energy density 

and pressure will be clear from the context. 
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The system of equations (5) and (6) after taking into account equation (7) and of an 

exclusion of the energy density, can be reduced to one equation  

 

 
2

0 0

' ( ')
'' [( 1) ] [( 2) ] 0

2
N N N N

S

            (8) 

 

which, in turn, by replacements 

 

 
0

2
( ) ln ( )

( 2)
S y S

N N
      (9) 

 

for NN /)2(0   and )()( SyS   for NN /)2(0   it will easily be converted into equation  

 

 0
(1 ) 1

'' ( ) ' 0.
N

y y
S

    (10) 

 

Although this equation integrates trivially, let us try to extract some other information. It 

is easy to notice that when coefficient at the first derivative of function )(Sy  is integer then the 

equation (10) is a radial part of the Laplace spherical symmetric equation in a multidimensional 

Euclidean space of dimensionality )1( 0 Nk  

 

 ( 1)

( 1)

( 1) 1
'' ' ( ) 0,k

k

k y
y y S

S S SS




        (11) 

 

where the variable S plays the role of radial variable. The value of S is the same in the transitions 

between the different Euclidean spaces by the same way as in space, for example, with three 

dimensions when a radius of a circle is equal to radius of the sphere, constructed on this circle.  

The requirement of integrality of the parameterk  is equivalent to the requirement of discreteness 

of the values of 1)/(0  Nk , the number of which for each of fixed N  is equal to )12( N , 

and these values are rational (if the dimension of space-time is a natural number). In this case the 

conformal factor associates with the function )(Sy  as  
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4

2exp(2 ( )) kS y    (12) 

 

Thus,  the solutions  of equation (11) for the integer k  are fundamental harmonic functions 

of order k  (see, e.g. [12])  

 

 
2 2 22

( ), 2; ( ln( )), 2,k
k k k

A
y B k y B A S k

S
      , (13) 

 

where a choice of constants is connected with a specific physical asymptotical conformal factor. 

Generally speaking the spaces of dimensionalityk  in which these functions are the 

harmonic functions will not necessarily be Euclidean spaces. The satisfiability of equation (11) 

with integer k  can be realized in conformal-Euclidean space by requirement of vanishing the 

scalar curvature of such space. Really, if to consider the space of dimensionalityn  with  

conformally-Euclidean metric [13]  

 

 exp(2 )
ab ab

g   ,                                                  (14) 

 

where  nba ,...,2,1,  ; )1,...,1,1( ab , then the scalar curvature of such space will be written 

in form 

 

 ( ) 1 2
4( )[exp( )] ,

1 2

n

n

n n
R y

n
                                         (15) 

 

where  

 

1
'' '.

n

n
y y y

S

    
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So, in our approach it can be said that in the conformal-flat models, filled with a substance 

with equation of state (7), each class of the substance (i.e., each concrete value 0  of physically 

interpretable discrete set of values), determined by the values of N  and k , corresponds to "his" 

Euclidean (or conformal-Euclidean) space. The fundamental harmonic function of this space 

determines the gravitational field (the conformal factor) created by this substance. Thus, each type 

of substance is adequate to "its" multi-dimensional space-time by virtue of a uniqueness of the 

time-like directions.  

It can see that such interpretation makes sense. We can write down the energy-momentum 

tensor law of conservation for our case. Once this is done, we get the ratio  

 

 
[ exp( )]n

const

S
    (16) 

 

where )1( 0 Nn  is exactly equal to the parameter k , introduced earlier. The value of 

)())(exp( SaSS   is the curvature radius of the space-like hypersurface in a synchronous frame 

of reference. On the other hand (see e.g. [14]), the right side can be interpreted as a value inversely 

proportional to the spatial volume of the system. Then n  will be the dimensionality of this space 

volume. 

Here are two examples. When 0,3 0  N  (incoherent dust) we have 3n , i.e. the 

energy density is inversely proportional to the three-dimensional volume. When 3/1,3 0  N  

(ultra-relativistic gas) we have 4n  and now the energy density is inversely proportional to the 

space-like four-dimensional volume. In other words, the state of matter defines the "specific" space 

for a given substance in which the energy density decreases inversely proportionally to the volume. 

Moreover, it is easy to see that the only state, for which the energy density will have finite value 

on the cone 0S , is the physical vacuum ( 10  ), regardless of the dimensionality N . 

 

Four-dimensional space-time 

Now we concretize the value of the dimensionality N . The first of all, we are interested 

by the manifold describing our Universe. We will take 3N  and will consider, what values of 

0  will be distinctive for this case  (in the sense of our interpretation). 

The dimensionality of the Laplacian will in this case be determined by the formula 
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0

3(1 ),n     (17) 

 

i.e., Euclidean (conformal-Euclidean) characteristic space will have the dimensionality n . 

In our case a discrete set of values b will  contain seven values, starting with zero. We must 

remind about restriction by the condition |0 | 1 . In other words, seven Euclidean (conformal-

Euclidean) spaces are the subspaces of the conformal-flat 4-world with the various BB connected 

with integers n  ( 6,..,2,1,0n ). 

Let us write down for all values of n  ( 60  n ) the conformal factors, the pressure, the 

four-dimensional and three-dimensional scalar curvatures, the proper time as functions of the 

variable S, and the metric in the synchronous reference frame. 

Case 1. 1,0 0  n  

The state of matter: pСвsТМal vaМuum (tСe open Н’SТtter solutТonΨ. 

Then the conformal factor is  

 

 2 2exp(2 ) ( ) ,B AS     (18) 

 

where A  and B  are constants. It is obvious, that everywhere we can put 1B  because this 

constant spots a gauge select. 

Now easily we easily find the pressure as the function of variable S, knowing the 

conformal factor  

 

   2

0

2 '
( ( ') )exp( 2 )

S

   κp= 3 ,  (19) 

 

We will get expected effect when have done simple evaluations: pressure is constant and 

also depends only on constants  

 

 12 ,Aκp    (20) 

 

which shows that the constant A  is negative (energy density should be positive). 
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The four-dimensional scalar curvature it is discovered under the formula 

 

 0482)'(
'3

")2exp(64 )(  A
S

R  . (21) 

 

The three-dimensional scalar curvature in case with the metric (1) is calculated by means 

of introduction of a 3-projector 
ik

g
k

u
i

u
ik

b   ( )exp(  ibiu -- 4-velocity; 
i

S
i

b , ) in non 

comoving reference frame  and equal to 

 

 3 3 'ˆ exp( 2 ).R
S

      (22) 

 

This curvature becomes for a physical vacuum 

 

3 2ˆ 6 (1 )R A AS                                                           (23) 

 

At 0S   R̂3  tends to a finite limit equal to A6 . 

The solution with the metric (1) is transformed in the comoving synchronous frame of 

reference by transformation RSrRSt sinh;cosh  , where a proper time is determined as 

 

 exp( ( )) ,u dx S dS
      (24) 

 

here R is a radial variable in the synchronous reference frame; u is 4-velocity. This proper time 

is not expressed by the elementary functions. This makes difficulties in the synchronous reference 

frame.  

Then the metric can be rewritten in the synchronous reference frame as 

 

         2 2 2 2 2 2( )( sinh ),ds d a dR Rd       (25) 

 

where )exp()(  Sa   is a scale factor. 

In our case the proper time is easily found and equal to  
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11 1

ln arctan ( ).
1

A S
h A S

A A S A
     (26) 

 

Choosing the domain of the change   from 0  to , we get the domain of the change S: 

)/1(0 AS . 

In the commoving synchronous reference frame we obtain corresponding form of the scalar 

3-curvature  

 

 3 2 2 2

2

1
(1 ) 4 sinh (2 ),R A S A A

s
       (27) 

 

and the 4-interval can be written in the standard form 

 

 2 2 2 21
( )sinh (2 ) ,

4
ds d A dl

A
     (28) 

 

Case 2. 3/2,1 0  n  

The state of matter: domain walls. 

The conformal factor is  

 

 4exp(2 ) (1 ) .AS     (29) 

 

The pressure is 

 

 28
(1 )

A
AS

S
κp=   (30) 

 

and 0A . 

The four-dimensional scalar curvature is 
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 4 2 236
(1 )R A AS

S
     (31) 

 

The three-dimensional scalar curvature is  

 

 3 36ˆ (1 ) .
A

R AS
S

    (32) 

 

The proper time is 

 

 1( (1 AS)) .A     (33) 

 

The metric in the synchronous reference frame is 

 

 2 2 2 4 2 ,ds d A dl     (34) 

 

Case 3. 3/1,2 0  n  

The state of matter: relativistic strings. 

The conformal factor is  

 

 2exp(2 ) .AS    (35) 

 

The pressure is 

 

                       2(1 )(2 ) .AA A S    κp                                                   (36) 

 

The four-dimensional scalar curvature is 

 

 4

2(1 )

6 (2 )
.

A

A A
R

S 
   (37) 
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The three-dimensional scalar curvature is  

 

 3

2(1 A)

3ˆ .
A

R
S     (38) 

 

The proper time is 

 

 
(1 A)1

.
(1 A)

S     (39) 

 

The metric in the synchronous reference frame is 

 

 
2

( )
2 2 21[( 1) ] .

A

Ads d A dl       (40) 

 

It should be noted that this case is special from the point of view of the physical content of 

the found models. We can get both singular and non-singular models, depending on the sign and 

magnitude of the constant A. 

Case 4. 0,3 0  n  

The state of matterμ ТnМoСerent Нust (FrТeНman’s UnТverseΨ. 

The conformal factor is  

 

 4exp(2 ) (1 ) .
A

S
     (41) 

 

The pressure is 

 

 
3 6

12
0; .

(1 / )

A
p

S A S
   κ   (42) 

 

From (42) we see that the constant A is negative. 
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The four-dimensional scalar curvature in non comoving reference frame is 

 

 4

3 6

12
.

(1 / )

A
R

S A S
    (43) 

 

The three-dimensional scalar curvature is  

 

 3

3 5

6ˆ
(1 A/S)

A
R

S
     (44) 

 

The proper time is 

 

 
2

2 ln .
S A

S A
A S

      (45) 

 

The scale factor can be not written as an elementary function via the proper time in the 

synchronous reference frame. The same we have and in standard approach (see, for example [14]).  

Case 5. 3/1,4 0  n  

The state of matter: ultra-relativistic gas. 

The conformal factor is  

 

 2 2exp(2 ) (1 / ) .A S     (46) 

 

The pressure is 

 

 
4 2 4(1 / )

A

S A Sκp= -   (47) 

 

The four-dimensional scalar curvature 04 R . It is a result of the energy-momentum tensor 

traceless in this case. 

The three-dimensional scalar curvature in non comoving reference frame is 
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 3

4 2 4

6ˆ .
(1 / )

A
R

S A S
     (48) 

 

The proper time is 

 

 
1

( ).
A

S A
s A

       (49) 

 

The metric in the synchronous reference frame is  

 

 2 2 2
4ˆ

4ˆ ˆ 4

A
ds d dl

A

A

 
 

          

 ,  
1ˆ ( ).A
A

      (50) 

 

Case 6. 3/2,5 0  n  

The state of matter: non relativistic degenerate gas. 

The conformal factor is  

 

 3 4/3exp(2 ) (1 A/S ) .     (51) 

 

The pressure is 

 

 
5 3 10/3

8
.

(1 / )

A

S A S
 κp   (52) 

 

The four-dimensional scalar curvature is  

 4

5 3 10/3

12
.

(1 / )

A
R

S A S
    (53) 
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The three-dimensional scalar curvature in non comoving reference frame is  

 

 3

5 3 7/3

6ˆ .
(1 A/S )

A
R

S
     (54) 

 

The proper time as a function of S can be not written as an elementary function. 

Case 7. 1,6 0  n  

The state of matter: super-rigid state. 

The conformal factor is  

 

 4exp(2 ) (1 / ).A S     (55) 

 

The pressure is 

 

 
6 4 3

12
.

(1 / )

A

S A S
  κp   (56) 

 

The four-dimensional scalar curvature is  

 

 4

6 4 3

24
.

(1 / )

A
R

S A S
    (57) 

 

The three-dimensional scalar curvature in non comoving reference frame is  

 

 3

6 4 2

6ˆ .
(1 / )

A
R

S A S
     (58) 

 

So, in the case of four-dimensional space-time we have seven physically the interpreted 

values b or seven equations of state of matter that fills space-time. These values of 0  allow for 

the description of the generated gravitational fields (conformal factors of the 4-metric) in  the 
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language of  the fundamental harmonic functions which correspond to the Euclidean spaces. Basic 

data obtained above for the four-dimensional space-time are summarized in Tab.1 for comparison. 

Table 1. 

 

Table of the state of matter in multidimensional space-time 

Now again we go back to the link between parameter 0 , the dimensionality )1( N  of the 

“basic” space-time and the order n  of the fundamental harmonic function. So in the "basic" 

manifold, we must have at least one time-like direction and one space-like for the conservation of 

the concept of space-time. It is therefore natural to begin consideration of models with 1N . It 

should be noted that for each of fixed N  the numbers of the associated Euclidean (conformal-

Euclidean) space (or the orders of fundamental harmonic functions) are limited and are equal to 

)12( N .  

The full picture is also clearly reflected in the form of a Tab.2. It is easy to see that only 

three "states of matter" are present in all dimensionalities of space-time: "physical vacuum", 

"incoherent dust" and "super-rigid state". These terms are in quotes because the physical 

interpretations of the specific meaning of these terms in the spaces with different dimensionalities 

requires separate consideration. In this regard there is an interesting fact that in the four-

dimensional world (the third column) all possible values of the parameter 0  have a clear physical 

interpretation and include all the essential states of matter that are used to find cosmological 

solutions. 

 

 

 

n  1n  
0  State of matter ))(2exp( S  

0 -1 -1 physical vacuum 22)(  SAB  

1 0 -2/3 domain walls 4)(  SAB  

2 1 -1/3 relativistic strings BSA 2  

3 2 0 incoherent dust 4)/( SAB  

4 3 +1/3 ultra-relativistic gas 22)/( SAB  

5 4 +2/3 non relativistic degenerate gas 3/43)/( SAB  

6 5 +1 super-rigid )/( 4SAB  
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Table 2. 

N/n 1 2 3 4 5 6 7 8 9 10 11 

0 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 

1 0 -1/2 -2/3 -3/4 -4/5 -5/6 -6/7 -7/8 -8/9 -9/10 -10/11 

2 +1 0 -1/3 -2/4 -3/5 -5/6 -5/7 -6/8 -7/9 -8/10 -9/11 

3  +1/2 0 -1/4 -2/5 -5/6 -4/7 -5/8 -6/9 -7/10 -8/11 

4  +1 +1/3 0 -1/5 -5/6 -3/7 -4/8 -5/9 -6/10 -7/11 

5   +2/3 +1/4 0 -5/6 -2/7 -3/8 -4/9 -5/10 -6/11 

6   +1 +2/4 +1/5 0 -1/7 -2/8 -3/9 -4/10 -5/11 

7    +3/4 +2/5 +1/6 0 -1/8 -2/9 -3/10 -4/11 

8    +1 +3/5 +2/6 +1/7 0 -1/9 -2/10 -3/11 

9     +4/5 +3/6 +2/7 +1/8 0 -1/10 -2/11 

10     +1 +4/6 +3/7 +2/8 +1/9 0 -1/11 

11      +5/6 +4/7 +3/8 +2/9 +1/10 0 

It is necessary to indicate that the harmonic functions of the same order (in other words, 

with the same conformal factor) correspond to different values of 0  in spaces of different 

dimensionality. In this case, can speak about an “unification” of types of interactions because for 

any b ( except physical vacuum) there is such a space-time in which the corresponding conformal 

factor will describe the model, filled with matter of the type of incoherent dust with 00  .  

An interesting conclusion can be reached coming back again to the 4-dimensional space-

time: for the transition to a 5-dimensional space-time we can speak about the "unification" the 

electromagnetic interaction (this is corresponds to the Kaluza-Klein approach). For the transition 

to the 6-dimensional space-time we can speak about the "unification" of the state of matter with 

3/20  , which is true for all the ideal Boltzmann systems, and also for bosons’ and fermions’ 

systems (see, e.g., [15]). We are talking about electroweak interactions. The substance in 4-

dimensional space-time with the super-rigid equation of state “turns to incoherent dust” in the 7-

dimensional space-time, i.e. when there is the strong interaction in 4-dimensional space-time. 

This is consistent with the results of Yu. S. Vladimirov [16], which showed that in the framework 

of the Kaluza-Klein approach the unification of gravitational and electroweak interactions enough 

6-dimensional space-time, and for the unification of the gravity-electro-strong interaction enough 

7-dimensional space-time with one time-like direction. 



Proceedings of International Conference PIRT-2015 

98 

 

On the other hand, the same value of b may correspond to different orders of magnitude of 

fundamental harmonic functions, that is, different conformal factors depending on the 

dimensionality of space-time. For example, for 3/10   we have a description via the harmonic 

function of the fourth order in 4-dimensional space-time and in 7-dimensional space-time we have 

the harmonic function of the eighth order. In 10-dimensional space-time we will have harmonic 

function of the twelfth order, and so on. Of course, it must be remembered that the concrete value 

of b responds to the different physical conditions in worlds with different dimensionalities. 

The essential point of the approach considered here, in our opinion, is the opportunity of 

describing models of conformal-flat Universe filled with matter with arbitrary 0 . 

 

Conclusion 

The finding problem of conformal-flat cosmological models as exact solutions of the 

equations of gravitation for different equations of state with linear connection between pressure 

and energy density is demonstrated within the limits of multidimensional space-time with one 

time-like direction. In this case the energy-momentum tensor (EMT) is taken as generalization of 

EMT in an approach of the perfect Pascal fluid for space-time with four dimensionalities. The 

special case is EMT for an incoherent dust with zero pressure is related to the open model of 

Friedman's Universe. It turns out that such approach leads to an identification of some discrete set 

of equations of state for which conformal factors are connected with the harmonic functions as 

solutions of the Laplace equations  in multidimensional Euclidean spaces of an integer 

dimensionality. Dimensionality of these spaces, in turn, is defined by a concrete equation of state. 

For four-dimensional space-times the corresponding table is constructed. This table allows to trace 

connection between a discrete set of linear equations of state and dimensionality of the auxiliary 

Euclidean spaces and also the functional expression of conformal factors of the open cosmological 

models related to potential functions, which are solutions of the Laplace equations in these 

auxiliary Euclidean spaces. Thus it can be seen that three dimensional spatial-like manifold 

restricts a selection of discrete physically interpreted equations of state for the finding of exact 

solutions of the gravitation equations related to potential functions. Therefore, on the one hand, 

any linear equation of state can be approximated with any accuracy by any rational fraction. On 

the other hand, the exact solution of the many-dimensional equations of Einstein can be found only 

related via to potential functions when the spatial extension of space-time will be made up to 

necessary multidimensionality. Such possibility appears for any linear equation of state with a 

rational constant of proportionality at growth of the space dimensionality N  ( N > 3).   For such 
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space-times the similar table is constructed, but without fixing of dimensionality of a spatial 

hypersurface. Here each value of spatial dimensionality N  corresponds to 2N +1 of linear 

equations of state. This table demonstrates the possibilities for each such equation of state with a 

rational constant of proportionality between pressure and density of energy under construction for 

any open cosmological model with the conformal-flat metric, but in corresponding space-time with 

dimensionality more than four.  
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